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Abstract
In this paper we characterize topologically ω-limit sets of nonrecurrent orbits of flows on compact
connected surfaces. As a particular case, ω-limit sets are fully characterized for the Klein bottle, the
projective plane and the sphere.
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1. Introduction
Throughout all this paper S will denote a surface, that is, a second countable Hausdorff
topological space which is locally homeomorphic to the plane. Unless explicitly stated, the
word “surface” implies that S is compact connected as well.
Let U ⊂ S be open. We call a continuous map Φ :A⊂R×U → U a pseudoflow on U
provided that the following properties hold:
(a) A is open in R×U and, for any fixed u ∈ U , the set of numbers t for which Φ(t,u) is
defined is an open interval such that 0 ∈ Iu;
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(b) Φ(0, u)= u for any u ∈ U ;
(c) If Φ(t,u)= v then Iv = {s − t: s ∈ Iu}; moreover, Φ(s, v) =Φ(s,Φ(t, u))=Φ(s +
t, u) for any s ∈ Iv .
If we are in the particular case A= R×U then we get a flow on U . It is easy to check that
any pseudoflow on S is in fact a flow.
Remember that any surface S admits a smooth (C∞) structure which is unique up to
diffeomorphisms (see Theorem 2.2 in next section). In this setting, smooth pseudoflows
and smooth vector fields are essentially the same thing. Namely, see S as embedded in
Rm (with m = 3 or m = 4 depending on the surface). If u ∈ S then its tangent plane
T Su can be seen as a subset of Rm, and we can define a smooth vector field on U as
a smooth map F :U → Rm such that F(u) ∈ T Su for any u ∈ U . It turns out that if
Φ :A→ U is a smooth pseudoflow then there is a smooth vector field F :U → Rm such
that ∂Φ
∂t
(t, u)= F(Φ(t, u)) for any t and u and that, conversely, for any smooth vector field
F on U there is a smooth pseudoflow Φ on U such that ∂Φ
∂t
(t, u)= F(Φ(t, u)) for any t
and u.
We call any set Φu(Iu) :=Φ(Iu,u) an orbit of Φ . If Φu is constant (when Iu =R) then
we say that u is a singular point; otherwise Φu(Iu) is called regular. If Φu is not constant
but still Φu(t)=Φu(s) for some t < s, then again Iu = R and Φu(r)=Φu(s − t + r) for
any r ∈R, and we call Φu(R) a periodic orbit.
Singular points and periodic orbits are particular cases of full orbits, which are those for
which Iu =R. If u ∈U has at least a full forward orbit, that is, [0,∞)⊂ Iu, we can define
its ω-limit set
ωΦ(u)=
{
v ∈ S: there is a sequence (tn)n→∞ with
(
Φu(tn)
)
n
→ v}.
It is rutinary to check that ωΦ(u) is nonempty, closed, connected and it is the union of
some regular orbits and some singular points (here it is convenient to define as singular all
points from S \ U as well). If u ∈ ωΦ(u) then u is called recurrent and Φu(Iu) is called a
recurrent orbit, which is nontrivial if it is neither a singular point nor a periodic orbit.
The problem of characterizing topologically ω-limit sets for flows on S has a very
simple formulation but surprisingly, apart from the pioneering work by Vinograd half a
century ago and some few exceptions (see, e.g., a comment by Anosov in [1], cf. also [11,
p. 39], where this problem was posed in the particular case of the projective plane P2), has
remained virtually forgotten until nowadays.
Theorem 1.1 (Vinograd [16], cf. also [12,2]). Let Φ be a continuous flow on the sphere
S2 and let u ∈ S2. Then ωΦ(u) is the boundary of a simply connected region ∅O  S2.
Conversely, if Ω is the boundary of a simply connected region ∅O  S2 then there are
a smooth flow Φ and a point u ∈ S2 such that Ω = ωΦ(u).
We remark that simply connected regions in S2 are those having connected comple-
mentary, but in P2 this is not longer true. Indeed, the authors of this paper have recently
answered Anosov’s question as follows:
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Theorem 1.2 (Jiménez López and Soler López [6]). Let Φ be a continuous flow on P2
and let u ∈ P2. Then ωΦ(u) is the boundary of a region ∅  O  P2 with connected
complementary. Conversely, if Ω is the boundary of a region ∅O  P2 with connected
complementary then there are a smooth flow Φ and a point u ∈ P2 such that Ω = ωΦ(u).
The aim of the present work is to extend the above works by characterizing ω-limit
sets of nonrecurrent orbits of surface flows. In what follows we call O ⊂ S a regular
cylinder if it is homeomorphic to an (open) cylinder and its boundary has two (connected)
components. More precisely we will prove:
Main Theorem. Let Φ be a continuous pseudoflow on an open subset U of S and let
u ∈ U have a full forward orbit for Φ . Assume additionally that u is nonrecurrent or that
IntωΦ(u)= ∅ and S\ωΦ(u) has a finite number of components. Then ωΦ(u) is a boundary
component of a regular cylinder in S.
Conversely, if Ω is a boundary component of a regular cylinder in S then there are a
smooth flow Φ on S and a point u ∈ S such that Ω = ωΦ(u).
Although we are primarily interested in flows, we have preferred to state our theorem
in the setting of pseudoflows for technical reasons. Indeed there is no real gaining of
generality in doing so, as it can be proved (see Lemma 2.1) that if Φ is a pseudoflow
on U then there is a flow Ψ on the whole S for which all points from S \ U are singular
and having the same orbits (with the same orientations) as those of Φ in U .
S2, P2 and the Klein bottle B2 are the only surfaces which do not admit any flow having
nontrivial recurrent orbits, [12,10]. For them our theorem implies in particular:
Corollary. Let S = S2, P2 or B2. A set Ω ⊂ S is an ω-limit set for some flow on S if and
only if it is a boundary component of a regular cylinder.
Notice that in the case of P2 our theorem provides an alternative characterization to that
of [6], which can be improved in the case of S2 as in Vinograd’s theorem. In the case of B2,
however, it seems difficult to find a simpler equivalent formulation (it must be emphasized
Fig. 1. A region O in B2 with connected complementary whose boundary B is not an ω-limit set, and a regular
cylinder O ′ whose both boundary components B ′ and C′ may be. (The interiors of B2 \ O and B2 \ O ′ are
painted in grey.)
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that ω-limit sets in B2 were characterized in [14] in a much more complicated way), as
the examples from Fig. 1 illustrate. Namely, the boundary B of the region O from the left
picture has a connected complementary but obviously it cannot be the ω-limit set of any
flow, since an orbit γ that approaches u cannot approach v unless it has some accumulation
points outside the boundary of O . On the other hand, both components B ′ and C′ of the
regular cylinder O ′ (right picture) can be ω-limit sets for an appropriate flow on B2; we
have drawn the corresponding orbit γ for B ′.
It is important to stress that ω-limit sets with nonempty interior have been recently
characterized in [7]. Roughly speaking, if Ω ⊂ S has nonempty interior then it is an ω-
limit set if and only if it is the closure of a region including two orientable Jordan curves
which intersect transversally in exactly one point (if S is orientable this is equivalent to
say that the region is not homeomorphic to an open set from the sphere). Thus, in order
to characterize ω-limit sets, only the case of those which, simultaneously, are the limit set
of one of its orbits, have empty interior, and its complementary has an infinite number
of components, remains open. To complete the picture let us finally say that in the more
general setting of manifolds some partial results are also available, see [8,7].
Let us finish this introductory section by recalling some necessary notation. As usual, we
call a subset of S a Jordan curve if it is homeomorphic to the circle, that is, it is the image
of a continuous map α : [0,1] → S which is injective in (0,1) and satisfies α(0) = α(1)
(below we will identify α and its image and denote the Jordan curve by α as well). Recall
that the Jordan curve α is null homotopic if there exists a continuous map H : [0,1]2 →
S satisfying H(t,0) = α(t), H(t,1) = α(0) and H(0, s) = H(1, s) = α(0) for every
t, s ∈ [0,1]. As it is well known any Jordan curve is either orientable or nonorientable,
depending on whether it admits arbitrarily close neighbourhoods homeomorphic to the
cylinder or the Möbius band, respectively.
Recall that two surfaces are homeomorphic if and only if they have the same genus
and Euler characteristic, see, e.g., [5, p. 207]. We will denote by Mg (respectively Ng) the
only—up to homeomorphisms—orientable (respectively nonrientable) surface of genus g.
Here “nonorientable” and “orientable” refers of course to the fact that the surface admits
or not nonorientable Jordan curves. Thus S2, P2 and B2 are synonymous with M0, N1 and
N2, respectively. Recall that χ(Mg)= 2− 2g and χ(Ng)= 2− g, where χ(S) denotes the
Euler characteristic of S. We will denote by S∗ and S∗∗ the resultant (non-compact) surface
after taking one and two points, respectively, from S.
IfC ⊂ S then ClC, IntC and BdC will denote the closure, the interior and the boundary
of C. We will use the symbol “∼=” to denote “homeomorphic to”. D will be the open unit
disk in R2.
2. Some technical results
We devote this section to recall some results that will be useful to prove Main Theorem
later. All of them must be well known, of course, but in some cases we have been unable
to provide a precise reference and for them we have included a simple proof.
Lemma 2.1. Let U ⊂ S be open and let Φ be a (smooth) pseudoflow on U . Then there is
a (smooth) flow Ψ on S for which all points from S \ U are singular and have the same
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orbits as those of Φ in U . Moreover (with the usual notation), for any u ∈ U the bijection
θu : Iu→R satisfying Φu(t)= Ψu(θu(t)) for any t is increasing.
Proof. We will only prove the lemma in its continuous version; for a proof in the smooth
case see, e.g., [13]. Let d denote a fixed distance in S for which there is some v ∈ U such
that d(v,BdU) > 1 and find positive numbers tn, n = 1,2, . . . , small enough so that if
d(u,BdU)  1/n then d(Φ(t, u),BdU)  1/(n + 1) for any |t|  tn. Fix a continuous
map Θ :U → (0,∞) satisfying Θ(u)  1/tn for any u with d(u,BdU)  1/(n + 1).
Now, for any θ ∈ R and u ∈ U there is exactly one number t (θ, u) := t ∈ Iu such that
θ = ∫ t0 Θ(Φ(s,u))ds. It is rutinary to check that t (θ, u) is continuous and, then, that
Ψ (θ,u) = Φ(t (θ,u),u) is a continuous flow on U which can be continuously extended
to the rest of S by writing Ψ (θ,u)= u for any θ ∈R and any u ∈ S\U . ✷
Theorem 2.2. Any (not necessarily compact connected) surface admits a (unique up to
diffeomorphisms) smooth structure. In particular, if S and R are homeomorphic surfaces
then they are diffeomorphic.
Proof. See, for instance, Example 3.1.6 from [15, p. 112]. ✷
Theorem 2.3. Let ∅O ⊂ S be a region. Then O is simply connected if and only if either
O = S ∼= S2 or O ∼= S2∗.
Proof. We just need to prove the “only if” part of the statement, which is certainly well
known in the case S ∼= S2, and which follows, in the case S ∼= P2, from the fact that if O is
a region containing only orientable Jordan curves (in particular if O is simply connected)
then O is homeomorphic to a region U  S2, see Section 4 from [6].
If S ∼= S2,P2 we will use the fact that there is a covering map π :R2 → S, that is, a
continuous surjective map such that, for any u ∈ S, there is an open neighbourhood Ou of
u with the property that Ou and each of the components of π−1(Ou) are homeomorphic,
see [9]. Let U denote one of the components of π−1(O). We claim that q = π |O :U →O
is a homeomorphism, from which the statement follows.
To begin with, q is surjective. Assume the opposite. Since q is a local homeomorphism
and U is open, q(U) is open as well. Then O\q(U) = ∅ implies that there is a point
u ∈ Bd(q(U)) ∩ O . We can assume that Ou ⊂ O , when it is obvious that at least one
of the components of π−1(Ou), call it Vu, must intersect U . Let V = U ∪ Vu. As V is
connected and V ⊂ π−1(O) we arrive to a contradiction with the definition of U . Notice
that, moreover, q :U → O is now a covering map. As U is path connected and O is
simply connected, we apply the corollary in [4, p. 382] (the restriction S ⊂ R3 there is
unnecessary) and conclude that q is a homeomorphism. ✷
Lemma 2.4. Let α ⊂ S be a Jordan curve and let g be the genus of S.
(i) If α is nonorientable (thus S ∼=Ng) then either S\α ∼=M(g−1)/2,∗ or S\α ∼=Ng−1,∗.
(ii) If α is orientable and S\α is connected then S\α ∼= Mg−1,∗∗ (if S ∼= Mg), and
S\α ∼=M(g−2)/2,∗∗ or S\α ∼=Ng−2,∗∗ (if S ∼=Ng).
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(iii) If α is orientable and non-null homotopic, and S\α = O1 ∪ O2 for some pairwise
disjoint open sets O1 and O2, then there are positive integers g1, g2 such that
g1 + g2 = g with Oi ∼= Mgi,∗, i = 1,2 (if S ∼= Mg), and such that 2g1 + g2 = g
with O1 ∼=Mg1,∗, O2 ∼=Ng2,∗, or g1 + g2 = g with Oi ∼=Ngi,∗, i = 1,2 (if S ∼=Ng).
Remark 2.5. For instance, notice that if S ∼= P2 then (ii) and (iii) are impossible and the
lemma amounts to say that S\α ∼= S2∗, while if S ∼= B2 then we conclude S\α ∼= P2∗ in case
(i), S\α ∼= S2∗∗ in case (ii), and Oi ∼= P2∗, i = 1,2, in case (iii).
Proof. Our proof generalizes the ideas from the Proposition in [6]. We just prove (i): (ii)
and (iii) are analogous. We can assume without loss of generality that S ⊂ R4. Take open
neighbourhoods U,V of α, homeomorphic to the Möbius band, with ClV ⊂ U . Then
U\α ∼= S2∗∗ and there is a homeomorphism h :U\α→D\{(0,0)} such that ‖h(u)‖ → 1
when u tends to α. Next we extend h to a continuous map on the whole S\α by
writing h(u) = (0,0) for any u ∈ S\U , and construct a continuous map k :S\α → R4
satisfying k(u) = u for any u ∈ S\U and g(u) = (0,0,0,0) for any u ∈ V \α. Finally,
we define f :S\α→R7 by f (u)= (k(u),h(u),‖h(u)‖). Then N = f (S\α) and S\α are
homeomorphic because f is injective and the fact that if (un)n is a sequence of points in
S\α tending to α then (f (un))n has no accumulation points in N .
It only remains to show that the surface M = N ∪ ({(0,0,0,0)} × ClD × {1}) is
homeomorphic to either M(g−1)/2 or Ng−1. To do this, we construct a triangulation T1
on S so that α consists only of vertexes and edges of T1 (this is not difficult to do), carry
it onto N and then extend it in the natural way to a triangulation T2 on M having as many
new faces as twice the number of contained edges in α. Let Qi , Ei and Xi denote the
number of faces, edges and vertexes of the triangulation Ti , i = 1,2, and let Eα = Xα be
the number of edges and vertexes of T1 included in α. Then
χ(M)=Q2 −E2 +X2 = (Q1 + 2Eα)− (E1 + 3Eα)+ (X1 +Eα + 1)
= χ(S)+ 1= 3− g.
Now, if M ∼=Mg′ then g′ = (g−1)/2, while if M ∼=Ng′ then g′ = g−1. We are done. ✷
3. Proof of Main Theorem
To prove the first statement of the theorem we make induction on the genus of S. The
case g = 0 is implied by Vinograd’s theorem. Assume now that the statement holds for all
surfaces having genus less than g, let W = S\ωΦ(u) and decompose it into its components
as W =⋃j∈J Wj . If u is nonrecurrent then Φu(R)⊂Wm for some m and BdWm = ωΦ(u)
as it is easy to check. If u is recurrent then, as J is finite, u ∈ BdWm for some m. The
continuity of Φ guarantees then that Φu(R), and hence ωΦ(u), is included in the boundary
of Wm. Thus BdWm = ωΦ(u).
Rewrite V :=Wm, Ω := ωΦ(u). Several possibilities arise. If V is simply connected
then we apply Theorem 2.3 and we are done. If V is not then it must include some
non-null homotopic (in V ) Jordan curve α which is indeed non-null homotopic in S, as
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otherwise it would enclose a disk containing some points from Ω , a contradiction with
the connectedness of Ω . Now we can apply (i), (ii) or (iii) in Lemma 2.4. For instance,
assume (the other cases are analogous) that α is orientable and S\α =O1 ∪O2 for some
pairwise disjoint open sets O1 and O2, and find positive integers g1, g2 such that, say,
2g1+g2 = g, with O1 ∼=Mg1,∗ and O2 ∼=Ng2,∗. Say, for example, that Ω ⊂O1, when it is
not restrictive to assume (replacing if necessary u by another point from its forward orbit)
that Φu([0,∞))⊂O1 as well.
Now we restrict Φ to the set A∗ = {(t, v): t ∈ I∗v , v ∈ U ∩O1} and I∗v is the largest
subinterval I of the corresponding interval Iv in the definition of Φ with the properties
0 ∈ I andΦv(I)⊂U ∩O1. It is easy to check thatΦ∗ :=Φ|A∗ is a well defined pseudoflow
on U ∩O1 for which we still have Ω = ωΦ∗(u).
Fix a point z ∈ Mg1 and use a homeomorphism h :O1 → Mg1\{z} to carry the
pseudoflow Φ∗ onto a pseudoflow Ψ on h(U ∩ O1). Then we have ωΨ (h(u)) = h(Ω);
moreover, if u is recurrent for Φ (and hence for Φ∗) and S\Ω is a dense set in S having a
finite number of components, then h(u) is recurrent for Ψ and Mg1\h(Ω) is dense in Mg1
and has a finite number of components as well. Apply the induction hypothesis and find
a regular cylinder C in Mg1 having h(Ω) as one of its boundary components. If needed,
we can modify C in order to ensure that z /∈ ClC. Thus h−1(C) is a regular cylinder in S
having Ω as one of its boundary components.
Now we prove the second statement of the theorem. Say that Ω is one of the
components of BdO for some regular cylinder O ⊂ S. According to Theorem 2.2 there
is a diffeomorphism h :D \ {(0,0)} → O which, since O is regular, we may assume to
have the additional property that Bdh(D \ ClD1/2) intersects BdO exactly at Ω (here
D1/2 denotes the origin centred disk of radius 1/2). Using polar coordinates it is easy to
define a smooth vector field on R2 whose associated flow Ψ has exactly two periodic orbits
consisting of the circles of radius 1/2 and 1 and such that all orbits between them spiral
towards the unit circle. Then the restriction of Ψ to R×D \ClD1/2 is a flow as well which,
via h, can be carried onto a smooth flow on O∗ := h(D \ ClD1/2). Extend it to a smooth
flow Φ on the whole S as in Lemma 2.1. We must prove that Ω = ωΦ(u) for any u ∈O∗.
To do this, let Ω∗ ⊂Ω be the set of points v for which there is a closed arc γv (that is, an
homeomorphic set to [0,1]) having v as one of its endpoints and such that γv\{v} ⊂O∗.
It is not difficult to show that if u ∈ O∗ and v ∈ Ω∗ then its forward orbit Φu([0,∞))
intersects γv as close to v as required, so Ω∗ ⊂ ωΦ(u). Since Ω∗ is dense in Ω (see [3,
Exercise 2.1, p. 25]), we have finished.
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